o ooy s g3l

S5l G b s g0 40 aS () ataly jxie SO sudion sl (Multiple Linear Regression) alfws s ijly
.03)69 )lf QO S| Ja.ufo (xl, XZ, veny Xn) J.D.A.a..wc ).»_LJ.A
hg(X) = HOA—I_ Hlxl + szz + -+ ann = QTX

(®

xXo=1 R I

e X0 =1 s s X = [1, X, Xgy oen, X ] € RPFL s IS8 1) o] ol co o5 1 diges (sl S3ns 2D

p....Stso ub).u ‘) QTQ = [90, 91, 62""1011] € Rn-l_l Ji..uc\.tﬁw‘fa)‘df :9

G S o
dig)-mse —, o= 9;—06%}9,-—%2%@)@—y<‘>>x}”
i=1



Multiple features

Notation:

n= number of features

+() = input (features) of ‘"training example.

x;i) = value of feature j in it training example.

Size (feet?)

Price ($1000)

X1 X2 X3 X4
Size (feet?) Number of Number of Age of home |Price ($1000)
bedrooms floors (years)
2104 5 1 45 460
1416 3 2 40 232
1534 3 2 30 315
852 2 1 36 178

94 Y
2104 460
1416 232
1534 315
852 178

hg(x) = 60y + 012



() .
i . ()
Multiple features K ?j

Hypothesis
Previously: hy(x) = 0y + 01z

Multivariate linear regression: hg(x) = 90"#— 01x1 + 0,x5, + -+ 0, x,

X1 X7 X3 X4 y A@(X )= ©Tx
Size (feet?) Number of Number of Age of home |Price ($1000) - T
bedrooms floors (years) Q _ 6 6 Q
— [[X90Y 2 n)
2104 5 1 45 460 T
() f.f\ ¢) 1416 3 2 40 232 i :()(»o 9X, 2 /<n3
X _| e, 1534 3 2 30 315 J
A I 852 2 1 36 178 1
X (’ ) .
| 7N

hg(x) =0y + 01x1 + 0,x5 + O3x3 +0,x4



Gradient descent for multiple variables

Hypothesis: hg(x) = 072 = Ogxg + 0121 + Oowp + - - + 0,2,

Parameters: 0y, 01,...,0,
Cost function: Lo
- (2)y _ ,,(4))2
J(007917°'°79n> — 27 Z(hg(ﬂf ) Y )

1=1

Gradient descent:
Repeat {

0 :=0; —aggJ(0,...,0,)

} (simultaneously update for everyj = 0,...,n)



Gradient Descent _

‘ /
o
Previously (n=1): /:zo‘i’
Repeat{ N <]
1 « ) |
0o := 6y — a— Z;(hg(xm) —y)
53;7(0)

1 . . .
Oy — oy (@)Y _ ,(0)Y,.(2)
0, =60, —« — E (ho(z\") —y'")x

1=1

(simultaneously update 6,6, )

}

JV .
New algorithm (n > 1): /_-Zj”'?
Repeat { f\>1
1 m i . ;

1=1

@date 0; for
j=0,-n)

1= 0 — ag; Y (he(a™) — yD)at?
1=1

0 =0 — s > (ho(a) —y)ay)
1=1



Feature Scaling
ldea: Make sure features are on a similar scale.

E.g. x1=size (0-2000 feet?) T = sizez(ggeoetz)
22 = number of bedrooms (1-5)
Ty = number of bedrooms
0, J(0) .
OS¢ (| \osra<)]|
A
v J(6)
> 91 Pm' > 91




Mean normalization

Replace x; with z; — p,; to make features have approximately zero mean
(Do not apply to 2y = 1).

E.g. T, = sz’zgo—OlOOOO
Ty = #bedr050ms—2
—0.5 S I S 05, —0.5 S L2 S 0.5
/Ou\g \iQ&bQ_'
X; ~ [ OQ' X .>< L "'-}'k\
%1 6— \A "%rz}\a\v[r X <
pX

‘\—Of‘CSQ_ MOx - iy
- TTYe————

( or C4On&wwk c&%to&"on\



l * . ‘ . * o0
) .0 w * } 0 o0

Gradient descent Gradient descent

min-max normalization
without scaling after scaling variables

) x — min(x)
€Tr —
I >> I

A 0<z; <1 max(z) — min(z)
) N J(w) 0<a <1

Mean normalization

A v T mean(x)
:i | 2 -\ J(w) -~ maz(z) — min(z)
¢

> 1 > 1w



Gradient descent
. 0

- “Debugging”: How to make sure gradient
descent is working correctly.

-  How to choose learning rate c.



Making sure gradient descent is working correctly.

m@in J(6)
Example automatic
convergence test:
Declare convergence if J(6)
decreases by less than 103
; ; . | In one iteration.
0 100 200 300 400
No. of iterations



Making sure gradient descent is working correctly.

[m@in J(H)(

T <l

decseawe_
s Se

Y

\%@\(\t\(

K

O

)

100 200

300

No. of iterations

ZOOD )

400

- Example automatic
)N

convergence test:

5 Declare convergence if J(0)

—_—

decreases by less thanil()_i I
in one iteration. (

z

ziooofooo



Making sure gradient descent is working correctly.

Gradient descent not working.

):J-s—e smaller av | <

N
J(6)
. >
No. of iterations
N
a WUU
No. of iterations

No. of iterations

- For sufficiently small ¢, J(H)'should decrease on every iteration.
- Butif «vis too small, gradient descent can be slow to converge.



S
Summary: —> ()

- If «vis too small: slow convergence.
- If ais too large: .J(#) may not decrease on
every iteration; may not converge. (Clo., Conregpe
ST pos: L(k\

#‘ Grese <

To choose q; try

...,Q._QQI,@@@,@},C@.@OO,OJ,@.ODO,l,...
7a NN - AN A

I
> {IU/:X RV A Use



Normal Equation bl g,

J(0) = ab? + b0 + ¢

AN

12l S aneS y0,9] Casods soles >

o YO, gL b |

la

>

0:-b

LA o5 U 59,5 )5 a0 b 0 aes gy wl 5iie s ol 0 € R Lalis o Ll

0J(6)
96;

= O(forevery]) — 00) )@h
\j':’



Normal equgtlon
(F>Ir),)

Normal equation: Analytic solution

X, XX Xy X,
(1\2104 5 1 45

v |1]1416 3 2

= 1534 3 2

W/ ss2 2_1
()

< X

= (XTX) " XTy

(XTX)_1 is inverse of matrix X1 X

Oc 'R"H =) J(eo,q,,]@) 93

40
30
36

(X("’)T)Mx(n,.l)

oo = =>
J 1:0 ..
460 '
_ [232
Y =315
178




- ,{_

- ()
m training examples, n features. ( - UJ(./E"" ¥
Gradient Descent Normal Equatior
e Need to choose «. * No need to choose «.
* Needs many iterations. * Don’t need to iterate.
e (Works welleven * Need to compute
whenn is Iarge.J (X' x)-! .,;_dll
. @w if n is very Ia@
h :\ 06
h -_— ,0 9

n:’Oo’J



What if X7 X is non-invertible? (singular/ degenerate)

° T 4}
e Redundant features_(ﬂnearly dependent). (T
E.g. X[ sizein feet? )(TX
X, | sizein m? =) |
‘ Singule,

 Too many features (e.g.m < n). A _loo ‘M .-_-"a !

- Delete some features, or use regularization. \,

O:
Vokx




Housing prices prediction

hg(x) = 0y + 64 x@o@a—l— Oy X
Rl

ﬂcao\

T g/fonJ(OﬁQ_, < &QP'HA

L\QL}QB -~ O 5 +®,X
Q\(m& Cfeg



oo (w3l

Jitas sla pite b labosais & g0 4 aS glaialy poxie wnion sl (Polynomial Regression) glaloswis ojlye %

99,0 )lfcbw‘ Ja.u).o

hg(x) = 0y + 0,(size)1+0,(size)*+05(size)3

J " hg (X) = 90 + 91x1 + 92X2 + 03X3
|

(x) 3|y



Price
(y)
Size(x) Sve.w = \eoo0
hg(x) :00—|—91$1—|—92$2—|—93$3 g&zll ol Vo000, 00V
— (B + 01 (size) + Os(size)? + Oy (si 3J 3
Q 1(size) 4 Oz(size) 3(size) cvel - o8

r1 = (size)
ize)

Ty = (size)?
vy = (size)?



Choice of features

Price

(y)

| Sizé (x)l

ho(x) = 0y + 01(size) + O2(size)?

hg(x) = 0y + 01 (size) + 02
l
91 ‘-% 7’ = VA

2




Stochastic Gradient Descent vs Batch Gradient Descent

Batch Gradient Descent

1(6) = o X, (hg(x @) — y©)?2

Orp1= 0; — aJ'(0)

Need to compute for all data,
if you have sample size, m = 1million
Very slow to update 6

O N, ~
“9/"@;»-"00((_"",

Stochastic Gradient Descent
cost (9, (x(i),y(i)))

1 . .
= Eche(x(l)) — y(D)2

1. Random Shuffle Data
2. Repeat {
fori=1,..,m{

Ot+1 5
=60, — «a —cost(@, (x(i),y(i)))
00,
}
}
Update 8 using only one data point.

Faster

/ P /
Uy Gpt 7 a e



Mini-batch Gradient Descent

Al po g2 40 g Wigh o0 pul MiNi-batch puie 4 Wil Syp LS (M) b diged sluwi (51 %
Dot o0 o3laiwl b yiol )b Slw, oK 4, LlMini-batch ;I

,;;)(,BZ/&:’
— ~| — ~~—
~~ = -~ o ~ m_ _ W
. ' R~ ———
X U1 XT! 55
7 J
/ dePo(jl

faﬂdom ghu‘)cf/e
m»ﬂl._bd'('%)



@\ @ Mini-batch Gradient Descent
[ 6 @'n] w m m

t—B

X =

x(l) x(z) cee x(m) ]

NyXm

Computational resource per epoch

t =1 - Stochastic
t = m — Batch

t =64,128,256,512 —» Mini — batch Number of datapolnts
Stochastic Mini-batch Batch

——’ |

Epochs required to find good W, b values

for every t:

Optimize based on X (1:D)

Compute cost |

Update 6
‘ () (£4I <% (128)

S—X



Bateh ¢p J 1, mv-bdh &
dT \ [ 1
i | % W

' —
Ttenton Lesgtin

@y I I
J 53w o X0 X S Sy
_’1<MB <m MB = m —s STechastyc GZj
m/:s: 1 __>Bq7bdl G.D.



kBatch Gradient Descent ‘

2.5 1

2.0 4

1.5 4

1.0

0.5 4

0.0 7

—0.5 1

step size 0.100

/]
]

o

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

btochastic Gradient Descenﬂ

step size 0.100

2.5 1

2.0 1

1.5 1

1.0 1

0.5 1

0.0 1

_U.S 4
0,00 .25 0.50 oy 1.00 1.25 150 1.75%

| < Magm
Fastot learn "



Batch Gradient Descent Stochastic Gradient Descent

Too long per iteration especially when m is Lose speedup from vectorization
very large (Inefficient implementation)




Newton Method 9(_'5.” " _'F('X-J-)

/
Je) Je)=s)
Ont o, -06,- ()’ N
S : _‘t;‘, -b 7
ST o2 J (6¢) J
T
[@ o eﬂ]ﬂ.ﬂ( T

(j(@) ZJ(B\ = [’?E) 789,..}

Qmaf O~ ﬁ
o O: = o
QU g Ve(j( )

* Faster convergence ?n"'lj(n-fl) . I_-f[J = &; e,)




Newton Method

CABD 'z,):d ) ,u;@:; o
«)”6)5, L/@M)’J n
< / / ("f/)(”ﬂ) d

(-—'))/(fjb/ loj J(«-—-’Cj" Q/LUJ/LJ'? (5.:)
f Re
SAW SCor, J

&



Newton Method vs Gradient Descent

v

<
7

b

X0




Logistic Regression



* Logistic regression is a widely used discriminative classification

model p(y | x; 9).

 where x € R” is a fixed-dimensional input vector, y € {1, ..., C} is the

class label.
 If C = 2, this is known as binary logistic regression.

« if C > 2, it is known as multinomial logistic regression, or

alternatively, multiclass logistic regression.



Email: Spam / Not Spam?
Online Transactions: Fraudulent (Yes / No)?
Tumor: Malignant / Benign ?

0.1 0: “Negative Class” (e.g., benign tumor)
y < { ’ } 1: “Positive Class” (e.g., malignant tumor)



™
. ~ A A A
“-\ A A Iris-Virgini
-~ A A
s AAAA A
~
= "'-..,. A A A A A A
° So AA A A
= o BA A A A A A
=== A "n\ m
©
i . e E = ~_ =
X @ Not Iris-Virginica B EEE N AN
Z.Q- [ E EEWm SO A
[ ] EEEEEENR '*-.‘
EE E =N [ | ~
[ Em
m E m EE \"'-..
T T \
X | Petal length

Threshold classifier output ho(z) at 0.5:
If hg(x) > 0.5, predict “y = 1"

If hg(x) < 0.5, predict “y = 0"




T
Classification: y = 0 or 1 holX) = © X

he(x) canbe>1or<0

—

Logistic Regression: (O < hg(x) < 1)
hotx! =p (4=11 %)

s




Logistic Regression Model

Wewant 0 < hy(x) <1

ho(z) = ¢(0" x)

GJ(Z) = l . -6
l+ e =
f )
Ho(X) = _1__
_ +€




) ()
Interpretation of Hypothesis Output {} ) f j l )'1 3

<)

hg(x) = estimated probability that y = 1 conditioned on input x Co'

Example: If 7 — [ Zo ] _ [ L } Ae(’é) -6/ (@ X)

1 tumorSize

h@(%}ﬁzojﬁ f’p
(y = 0|;0) + P(y = 1]a;0) =1 )
@ 01:1:9)_13 P(y = 1|z 0) - 91)<)«,«>/J- o[ X)

| - A, ~3 ‘M f7/’




Logistic regression

ho(x) = g(0" x)
g(z) — 1_|_i—z

Suppose predict “y = 1“if ho(xz) > 0.5

6 X = ﬁj(BTY) < a'_

predict “y = 0" if hg(x) <0.5

‘lll',o.E : /_/' 61?(20 —>Y-=1
'6/-?-:&/ O'x <> ——>jl7



: : > . 2
Predict”yzl"if@ZO — =1
TX S <o

e
‘H’t 0- 5

“-?dzg






G’(BT)() GO,Q;G; Ag(x 6 ( P(/V)

Non-linear decision boundaries P .
X) < Ot A+ "%,.0F
Transform input features in suitable way © (X) - Y @ ‘ Q 7 Y 6 72"' l

O(x1,w2) = [1, 22, 23] « AN, 2% 5K,
w = [—R?1,1]. Then w' ¢(x) /.Ll—|—.L2 @> o > J=)
> Y=

Decision boundary (where f(x) = 0) defines a circle with radlus R

s, = ~
Zetobe— 1 &,
N‘//‘ / 5 ° _O o (}M 09,0
\W @] ~~—
Tt ‘Op ° [-\ o o N\ ¢ 30@ Ee




Training set: {(z'",y™"), (2, y®),. .- (2™ y™)}

m examples T € | xo =1,y € {0,1}

GO(I) — 1+ el_gTa]

How to choose parameters 6 ?




Cost function

Linear regression: .J(f) = L % L (ho(x\V) — y(i))2 Je

&(d X
Cost(hg(g:(i))jy(i)) _ %

Convex

Not Convex



ho(X) = p (y=11X)

Logistic regression cost function

- log(hg (x)) ify=1
/ Costlhe (%), y) = —log(1—he(x)) ify=0
LC(M vey | o
—

— —log(1—h)




Logistic regression cost function

J(0) = Z Cost(hg(z'), ")

—log(hg(x)) ify=1

Cost(hg (1), y) = {—log(l — hg (X)) ify =0

Note: y =0 or 1 always

Emt(he(x),g): - log Cho)_(1-y)lo o(1- by (X)J

/
A (X) = Ey=TEos
o /+66><




Logistic regression cost function

J(0) = Z Cost(hg(x"),y)

—@; >y log hg (@) + (1 — ) log (1~ hy(?))
?(7 I1x) Ply=slx)



Gradient Descent Q

7(60) = ~ 513 v log hg a9 + (1 ) log (1~ hy(a))]
Want ming J(60):
Repeat {

0; :=0; — agg-J(0)

W

j‘:o-« N

} (simultaneously update all 6,)



— o (0T )7
7, (6" x)
EU(Z) — O’(Z)[l _ Z] True fact about
0z sigmoid functions
0 0 0z Chain rule!
— (0T ) = —— e
59,710 @) = 52o002) - 5

8%0(9Tx) = o(0"2)[1 — o(0" 2)]x; Plug and chug
J



Gradient Descent
J(0) = —L[> yDlog hg(z'V) + (1 — y) log (1 — he(z?))]
i=1

Want ming J(0): ;L

Repeat { . ' ( STX )
e Zl ~y ey’ o ]
| (simultaneously update all 6,) @-: [ f
} J: °o...h eﬂ J

Algorithm looks identical to linear regression!



n ]
logistic regression (Probabilistic view) W )_<_+ b e © X
O, + (9)( 9 )(.'

Binary logistic regression often follows the following model t \——\—\,

ylx;8) = Ber(: x4 b Der Y
plylz; 6) er(y|o(w £+\\)) 3 now !, /O 6J/QIX)

Bernoulli sigmoid bias
weight

f{ﬁgﬁ}_{q:l_p if k= 0. ol /

p(y =1lx;0) = g(a) =

where a = log

1 p s,
1+e ¢’ 1—-p e /




logistic regression (Probabilistic view)

Finding the Maximum Likelihood (ML) solution is equivalent to
minimizing the cross entropy cost function

Pe(z, IX) = hg(X). G"KGX)
Pa(j=al)()=1_460‘7,'-5’(@><)






Multiclass classification

Email foldering/tagging: Work, Friends, Family, Hobby

Medical diagrams: Not ill, Cold, Flu

Weather: Sunny, Cloudy, Rain, Snow

ac z,\j?é)éa?/ . , ,
bt —2 SUTU



Binary classification: Multi-class classification:

A A

X X AA | x X
“ X o | 2D ) Tx X

O O X




One-vs-one: 3

1_2
2 _
2 13
D 3

| &>
¢




One-vs-all:

A

A X
AA xx X
X

X1
Class 1: /\
Class 2:
Class 3;: X
hgAx) = Py = i|x;0)

/

\

(i=1,2,3)




SOJWLM“% V(:j"CSS'O'? _ _ _
W ko gy e oS s

o) : : 7 Yeqms,0n
(MN_[ST K = loJ Pt 1750)°
- Py-21%,0) | _
PA(U“’:E liz{f) L‘G(X) :1,F’J=’{F’59/_J —
L(J}X) e X - |
o) = __— Z ho (X)
— e@"’)T( =)







Regularization



Regularization

A fundamental problem is that the algorithm tries to pick parameters that minimize loss on the
Graining se%, but this may not result in a model that has low loss on future data. This is called

.

overfitting.
example

suppose we want to predict the probability of heads when tossing a coin. We toss it N = 3 times and

observe 3 heads. The MLE i@mle = N;/(Ny + N1) = 3/(3 + 0) = 1| However, if we use Ber(y

| Omle ) as our model, we will predict that all future coin tosses will also be heads, which seems
— I

rather unlikely.



Regularization

» The core of the problem is that the/model has enough parameters-to perfectly fit the observed

training data.)so it can perfectly match the empirical distribution.

« However, in most cases the empirical distribution is not the same as the true distribution, so

putting all the probability mass on the observed set of N examples will not leave over any probability

for novel data in the future. That isl the model may n?generahz@)




Solution

The main solution to overfitting is to use regularization, which means to add a penalty term to the

Cost function. Thus we optimize an objective of the form

L£(6; 1) = %2 £(yi, 0; x;) +€C(9) )
i=1

[ .

A =0 is a tuning parameter and control the relative impact of these two terms on the regression
coefficient estimates.

@A = 0, the penalty term has @

However, as 1 — oo, the impact of the shrinkage penalty grows, and the ridge regression
coefficient estimates will approach zero.




Example: Linear regression (housing prices)

S S S
: 5/ £ N
Size Size Size
— by + 01z >0+ Oz + 022 >0+ 012 + 022 + O32% + O,
v Uv\&gr(;ﬁ'“ h \_\‘\4’\ \oios. | A AUS‘\’ S 3],\1' ; h O\\Q’Q‘l‘t N \-\le\ \w& "

Xt A Ao

Overfitting: If we have too many features, the learned hypothesis

m

may fit the training set very well (/(6) = 5 ;(hm(“) -y9)?=0), but fail
to generalize to new examples (predict prices on new examples).



Example: Logistic regression

X
X; | X 5
X
X
X
X1 , Xy ,
| hg(x) — g(e() -+ 91561 - 92:1;2) g(90 —+ 911‘1 -+ 925[52 9(90 ‘|2‘91$1 -+ 922332%
(g = sigmoid function) +0527 + 0423 +93_3%_£§ T 9425_:1))23_2

YU St )
™ OW—QJC



x1 = size of house @

ro = ho. of bedrooms £

r5 = no. of floors |

x4 = age of house \\}

r5 = average income in neighborhood Size
Te = kitchen size

L100



Options:
1. Reduce number of features
— Manually select which features to keep.
— Model selection algorithm (later in course).
2. Regularization
— Keep all the features, but reduce magnitude/values of
parameters §;
— Works well when we have a lot of features, each of
which contributes a bit to predicting .



Regularization

Cost function



Bias. Vw 7LVaJeo1€1€

Intuition ~__

Price
Price

Size of house Size of house

Oy + 01 + HQZEQ Oy + 012 + QQZEQ —+ (93513‘3 + (94[E4

Suppose we penalize and make 63, 04 really small.

m1n2mz (Z)) 1+ \ooo 93 4 \oOO@

@lcg,o O, %0

—




= 6,
Regularization. d \5 -8 - .09 =0

Small values for parameters 6,,61,...,60,,
— “Simpler” hypothesis
— Less prone to overfitting

)
Housing:

— Features: x1,22,...,2100

— Parameters: 0,,0,.0,. ..., 0100

m -

J(0) = 55 | Y (he(2®) —y@)2 Q) = &
m v V




Regularization.

T(0) = o |
_izl
mein J(0)

Cegc»\\mIan 1 On

(7 bS8 e~

Size of house




“we choose f to minimize
I m n ] Ll_f)Or,n
J(@) — ﬁ ;(he(x@)) _ y('L))Z A Z 932 Y:]U qfl'-ij%q

j=1

What if )\ is settoan extre mely large value (perhaps_ for too large
for our problem, say )?

- Algorithm works fine; setting )\ to be very large can’t hurt it

- Algortihm fails to elirfi verfitting.
- Algorithm results in(underfitting. (Fails to fit even training data

well).
Gradient descent will fail to converge.




In regularized linear regression, we choose § to minimize
i m \Dn 1T
J(0) = 5 | 22 (Ro(z) =y D)2+ X 37 67

i=1 — =1
What if )\ is set to an extremely large value (perhaps for too large
for our problem, say A\ = 1019)? |

9 9\)©_L/®3)®_k('

@\/ZIO 62 /}/\ro

T (Qnfebit 3710, B%0D

\\ SK‘#\\ Size of house \ Ll;\e/ @/{\
Y,

o + O3 + O3 + 0333 +

Pricie




Regularization

Regularized linear regression



Regularized linear regression




L, _novm
Gradient descent LL J

Repeat {




Normal equation(Regularized) (Lz -evm)
'($(1))T- -y(l) —
i (n \\_ =
M¥» \nk __}_——-— 3(95 S:ei-o M\)
— mmJ sg- L

[\L ><J+/ ;?,, | B—‘ %Tfj

Eo m=T OO O]m

S e
S o |



Non-invertibility

Suppose m < n, <

(#examples) (#features)

k‘ \\own ~ inw’t‘\\akk /Cf»a\k\w——

If A >0,

0= | XTX+ )\

% 1- Ve o
‘\J\UV‘[Q\\QKQ__ mﬂf;)oélf)/kj

o




